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Abstract 

We prove a uniform boundary Harnack inequality for nonnegative harmonic 
functions of the fractional Laplacian on arbitrary open set D. This yields a unique 
representation of such functions as integrals against measures on D'^D{oo} satisfying 
an integrability condition. The corresponding Martin boundary of Z) is a subset of 
the Euclidean boundary determined by an integral test. 



1 Main results and introduction 

Let d = 1,2, . . ., and < a < 2. The boundary Harnack principle (BHP) for nonnegative 
harmonic functions of the fractional Laplacian on R'^ 

A°'^^(p{x) = Urn / [(p{y) - (p{x)]u{x,y)dy , (1) 

£^0+ J 

\y-x\>e 

was proved for Lipschitz domains in 1997 in [9] (compare Theorem 4 below). Here 

iy{x,y) = Ad,^a\y ~ , 

Ad,-y = T{{d - 7)/2)/(2%'^/2|r(^/2)|) for -2 < 7 < 2, and, say, cp e C^{R'^). BHP was 
extended to all open sets in 1999 in [41], with the constant in the estimate depending 
on local geometry of their boundary. The question whether the constant may be chosen 
independently of the domain, or uniformly, was since open. 

In what follows D is an arbitrary nonempty open subset of R*^ (a domain). Let 
be the Green function of D for A"/^ ([34], [7], [38]). We define the Poisson kernel of D: 

PD{x,y)= f GD{x,v)v{v,y)dv, x G R^ y G (2) 
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By a calculation of M. Riesz (see [8], [39]), for the ball Br = {x E IV^ : < r} we have 

y 12 _ 2 (3) 

where C^^q = T{d/2)Tr~^~'^^'^ sm{7ra/2). Note that if x and y are not too close then 
PB^{x,y) ~ (r^ — |a;p)"/^ ■ — r^)~"/^|y|~'^ at 95^- Similar approximate factorization 
of general Po underlies the following result which is equivalent to the uniform BHP 
(UBHP) for A"/^ (see also Theorem 4 and Remark 11 below). 

Theorem 1 (UBHP) There is a constant Cd,a, depending only on d and a, such that 

Pd{xi, yi)PD{x2, y2) < Cd,a Pd{xi, y2)PD{x2, yi) , (4) 
whenever r > 0, xi,X2 E D H Br/2 and yi,y2 G -D^ fl B'f.. 
Consider the following auxiliary function 



sd{x) = / GDix,v)dv. (5) 
We will say that y G R"^ is accessible from D when 

SDnB{y,i) (v) v{v, y)dv = oo, (6) 



or inaccessible when 

/ SDnB{y,i){v) iy{v, y)dv < oo . (7) 

jRd 

The point at infinity is called accessible for D if Sj:){x) = oo for all x G -D, and it is called 
inaccessible otherwise. Accessibility of a given point from D means that D is rather large 
near the point, see (17), (75) and the discussion at the end of the paper. 

We consider the set d^D of limit points of D: we let d^^D = dD if D is bounded and 
(9*-D = dD U {oo} if D is unbounded. For unbounded D, D 3 v ^ oo means that v E D 
and \v\ oo. We also let D* = D U d^D. 

Theorem 1 and Theorem 4 yield estimates of Go, Pd and se> at d^:D. Furthermore, the 
uniformity of the constant yields results on the limits of ratios of these kernel functions. 
Our main result in this direction is Lemma 8 below. An important consequence of the 
result is the existence of the Martin kernel. For Greenian D C R'^ we fix an arbitrary 
reference point Xq G -D and we define the Martin kernel of D: 

MD{x,y)= hm xeR\yed,D. (8) 

D3v^y Gd{Xo,V) 

Theorem 2 The limit in (8) exists. Mij{x,y) is a-harmonic in x on D with zero 
outer charge on D'^ if and only if y is accessible from D. If y E dD is inaccessi- 
ble then M£i{x,y) = PD{x,y)/P{xo,y) . If oo E d^D is inaccessible then M£){x,oo) = 
sd{x)/ sd{xq). 
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We define OmD = {y E d^^D : y is accessible from D} and D\j = {y E D'^ : 
y is inaccessible from D}. The kernels M£){-,y), y G OmD, and Pd(-,?/), ?/ G Dl^, may 
be used to describe the structure of nonnegative functions harmonic for A"/^ on D, or 
a-harmonic (a detailed discussion of the notion of a-harmonicity is given in Section 5). 

Theorem 3 Let D be Greenian. For every function f > on D which is a-harmonic in 
D with outer charge X > on D'^ there is a unique measure fi > on OmD, such that 

f{x)= I PD{x,y)\{dy)+ [ MD{x,y)f^{dy), xeD. (9) 

As a part of the statement we have that < oo, 

/ Pd{xo, y) X{dy) < oo, (10) 

and X^OmD) = 0, so that A is concentrated on D^^, see (76). We remark that for non- 
Greenian D every such / is constant on D, see Lemma 15. For a stronger statement of 
the uniqueness, see Remark 10 below. 

The first integral in (9) reflects the fact that A"/^ is a nonlocal integro-differential 
operator, allowing for a direct integral-type influence between distant points x and y in 
the domain of a function, see (1). In particular the role of the boundary condition in the 
Dirichlet problem of the classical potential theory is now played by a measure ("outer 
charge" ) supported on the complement of the domain. Here the generic example is the 
Poisson kernel Pd{x, y) equipped with the Dirac measure at y G D'^. We remark that the 
restriction to harmonicity of only genuine functions would seriously handicap the theory 
because the limit of a locally bounded pointwise convergent sequence of genuine functions 
which are harmonic for A"/^ on a given domain may fail to be a genuine a-harmonic 
function itself (see the concluding remark in [36] , related to inaccessible boundary points 
oiD). 

Theorem 2 and Theorem 3 contrast sharply with the corresponding results in the 
classical potential theory ([3], [37]), because they are more explicit, and also because the 
classical Martin kernel is always harmonic, which is no longer the case here. We refer 
the interested reader to [33] and [18] for a general account on Martin compactification 
and representation. We also refer to the paper [27], which identifies the classical Martin 
boundary of Lipschitz domains with their Euclidean boundary (see [37] or [5] for fur- 
ther references). We see that the fractional Laplacian enjoys a similar description in an 
arbitrary domain. 

The role of BHP in explicit determination of the Martin boundary in the classical 
potential theory is well recognized, see recent [1] and [2] (see also [6], [5], and [3] for 
more references). The present straightforward derivation of the Martin representation 
is modeled after [10]. The role of BHP in estimating the Green function and studying 
Schrodinger-type operators is also well understood. For more information on typical 
applications we refer the reader to [11], [30], [12], [20], [13], [14], [22], see also [25] for a 
general perspective. 

Our theorems complete and extend in several directions part of the results of [9], [32], 
[10], [21], [41], [36]. In particular. Theorem 3 was first proved for Lipschitz domains in 
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[10] and [21], and for K-fat domains in [41]. For these domains all the boundary points are 
accessible, which influenced the methods of these papers. The first example of what we 
coin inaccessible boundary point was given in [36] . Our main technical results. Lemma 7 
and Lemma 8, develop the ideas of [9] (see also the references in [9]) and [41]. 

The paper is primarily addressed to the readers interested in the potential theory of 
nonlocal operators. The theory presently undergoes a rapid development, see [29] and 
the references given there. The outline and notions which we propose below may likely 
apply to kernel functions of such operators and the corresponding nonnegative harmonic 
functions quite generally, except for our treatment of the point at infinity, which is based 
on Kelvin transformation and therefore is very specific to the present context. Technically, 
the development hinges on Lemma 7 and Lemma 8 below, and extensions of these should 
be sought for in the more general settings. A certain role is also played by (22). 

Our development is based on M. Riesz' formulas (3) and (23) for the Poisson kernel 
and the Green function of the ball, and general properties of the Green function and 
harmonic measure of arbitrary domains, most notably (15). Here our references are [38], 
[34], and [7]. The reader familiar with the potential theory of Markov processes will 
notice the relationship of (15) to the strong Markov property of the isotropic a-stable 
Levy process {Xt, t > 0} in R'^ with the Levy measure h'{0,x)dx, see [17], [40]. Indeed, 
probabilistic interpretations and references are our primary source of motivation, as seen 
from the discussion of such interpretations given at the end of the paper. In the main 
body of the paper we strive, however, to give elementary and purely analytic definitions 
and proofs, with a notable exception made for the probabilistic proof of Lemma 10. 

The remainder of the paper is organized as follows. In Section 2 we give preliminary 
definitions and results. In Section 3 we prove Theorem 1 and we state UBHP in a more 
traditional form as Theorem 4. In Section 4 we study limits of ratios of kernel functions. 
In Section 5 we define a-harmonicity. In Section 6 we prove joint continuity of Moix^y) 
and verify Theorem 2. In Section 7 we obtain the Martin representation (9) along with its 
converse. In Section 8 we prove absolute continuity of harmonic measure on -D^, discuss 
probabilistic interpretations of our results and give examples of accessible and inaccessible 
boundary points. For instance is inaccessible for D = {{x,y) G : y > {xl"^} if and 
only if 7 < 1 . 

2 Preliminaries 



For X G R*^ and r > we let |x| = yXliLi^?' B{x,r) = G R : \y — x\ < r}, 
Br = 5(0, r), and B = Bi. All the sets, functions and measures considered in the sequel 
will be Borel. For f/ C R"* we write U" = K'^\U. If /c > then kU = {kx : x eU}. For 
a measure A on R*^, |A| denotes its total mass. For a function / we let A(/) = J fdX if the 
integral makes sense. The probability measure concentrated at x will be denoted by e^- 
For nonnegative / and g and a positive number C we write f ^ C g ii C~^f < g < Cf. 
The notation Ca,b,...,z means that such constant depends only on a,b, . . . ,z. In what 
follows U will be an arbitrary domain. We will say that U is Greenian if Gu{x, v) is finite 
almost everywhere on U x U. U is always Greenian when a < d. li a > d = 1, then U is 
Greenian if and only if is non-polar. In particular, if a > d = 1, then U is Greenian 
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unless f/ = R. The Green function and the harmonic measure of the fractional Laplacian 
are defined in [34, Theorem IV.4.16, pp. 229, 240], see also [8], [7, pp. 191, 250, 384], 
[31], and [38], [17] for the case of dimension one. We will briefly indicate the following 
crucial properties. If U is Greenian then 

I Gu{x, v)A''/^ip{v)dv = -^{x) , X eK^, ip eC^{U). (11) 

Furthermore, Gu{x,v) = Gu{v,x) for x,v E R"' ([34, p. 285]). For example, if a < c? 
then (11) is satisfled for U = Ti'^ by the Riesz kernel: 

G^4x,y) = Ad,a\y-xr\ a;,2/GR^ (12) 

see [34, (1.1.12')], and the harmonic measure, u^, is deflned as the unique ([34, p. 245], 
[17]) subprobability measure (probability measure if D is bounded) concentrated on D'^ 
such that Jj^d G-^d{z,y)u!ij{dz) < G-^d{x,y) for all y G R'^, and 

G^4x,y)= Gn.4z,y)uj^{dz) (13) 

for y E except at irregular points of dU . Recall that a point y is called irregular for 
U (or thin for Lf^) if ufj ^ Ey, and it is called regular otherwise, see [7, pp. 348, 272, 
353]. Note that "regularity" means here "regularity for the Dirichlet problem on f/" [7, 
p. 348]. The probabilistic interpretation of regularity is that the flrst hitting time of Lf^ 
for the corresponding stochastic process starting at x equals zero almost surely, see [7, p. 
277]. Note that y is regular for U if and only if Gu{x,y) = for x E U ([7, Proposition 
Vll.3.1], see also [34, pp. 251, 286]). If a < d then the Green function is given by 

Gu{x,y) = GRd{x,y) - G^d{z,y)uu{dz) . (14) 

For a full discussion we refer the reader to [34], [7] (see also [38] for 1 = d < a). The 
harmonic measure may be used to negotiate between Green functions of two domains: 

Goix^v) = Guix,v) + / GDiw,v)uj^{dw) , x,v E , if U C D , (15) 

compare (14). By integrating (15) against the Lebesgue measure we obtain 

snix) = su{x) + / SD{y)iUuidy) , xeR\ U cD. (16) 

Clearly, 

su<sd, ifUcD. (17) 
Recall that supp (Z U" , x E R'^ . If U C D then 



uUA) = uf^iA) + ujliA)Lu^^idy) , A C 

'D\U 
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in particular Gu{x, v) < Gd{x, v) and for A C D^, x,v E U, we have 

u;UA)<u;UA). (19) 

Furthermore, if -Di C -D2 C . . . and D = [J Dn, then GdS^, v) \ Gd{x, v) and uj'fj^{ip) 
iofy{(p) whenever x,v E D and ip G Co(R^) {vague convergence, weak convergence for 
bounded D [34, (4.6.6)]). 

Let ip e G^{IV^) and let open Greenian D' contain both D and the support of ip. 
Using (11) for D and D', (15), and Fubini we obtain 

[ GD{x,v)A'^/'ip{v)dv= [ [ifiy] - ipix)]uUdy) , x E D , ^ E G^iR'). (20) 
Jd Jd" 

By considering ip supported away from D, and by (1) we conclude that on [D)'^, uf) is 
absolutely continuous with respect to the Lebesgue measure, and has density P£){x,y) 
given by (2). This is the Ikeda-Watanabe formula ([28]): 

ujUA)= I PD{x,y)dy, if dist(A, /}) > . (21) 

J A 

If D'dD is a Lipschitz domain (e.g. a ball) then uj^{dD') < uj^,(dD') = ([9]), hence 

uj^{dy) = Poix, y)dy on D''^ provided x E D G D' and D' is Lipschitz . (22) 
The Green function of the ball is known explicitly: 

GBr{x,v) = Bd,a\x - v\°'"'^ — — TT^rfs, X,VEBr, (23) 

Jo [S + 

where 

w = (r^ — |xp)(r^ — |t;p)/|x — v\'^, 
and Bd,a = r(d/2)/(2"7r'^/2[r(a/2)]2), see [8], [39]. It is also known ([14], [19]) that 

SbM = ^ir' - \^\'r^\ \x\<r. (24) 

For a nonnegative measure A on R"' {D'^) we define its Poisson integral on 

Pd[\]{x)= [ PD{x,y)\{dy) , xeD, 

compare (9). To simultaneously control -Pd[A] and A we define the measure 

P* [A](rfx) = PD[\]{x)dx + \{dx) . (25) 

Thus, -P5[A] is equal to A on D^, and on D it is absolutely continuous with respect to 
the Lebesgue measure, with Pd[A] as the density function. Of course, Pd[-Pd['^]](^) — 
Pc)[A](a;), X E D. This observation will be strengthened in (27) below. 
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If U <Z D and v G f/^ is such that Gu{x,v) = for x G R*^ (in particular, if is a 
Lipschitz domain and v E is arbitrary), then by (15) we have 

Gd{x,v) = J GD{w,v)uj^{dw) , xeU. (26) 

This, and (28) below may be considered a mean value property. 

The following sum of integrals will be important. Consider a nonnegative function / 
on D, a. nonnegative measure A on D'^ and a nonempty open set U d D. We denote 

n^[f,X]{x)= [ f{y)ufj{dy)+ f Pu{x,y)X{dy), xeU. (27) 
Jd\u Jd'^ 

Informally, we may think of ^ij[f, A] as an integral of / + A against the harmonic measure 
uu. The delicate point of the definition is that the integration over dU fl dD is restricted 
to the part of the harmonic measure which is absolutely continuous with respect to the 
Lebesgue measure, with the density function given by the Poisson kernel. The convention 
will play a role for U touching dD. In this connection see (21), Proposition 1 and the 
discussion at the end of the paper. 

Lemma 1 If U G D and X is a nonnegative measure on D'^, then 

PD[X]{x) = Q§[PD[XlX]ix), xeU. (28) 
Proof: Let x G U, y G D^. By integrating (15) against u{y,y)dv on R'', and (2), we get 

PD[ey\{x) = Poix^y) = Pu{x,y) + J PD{z,y)ujl{dz) = [Pz? N , (x) . (29) 

The case of general A > follows from Fubini-Tonelli theorem. □ 

The next two lemmas are versions of Harnack inequality, see also Remark 8. 

Lemma 2 // A > and Xi,X2 G G Bg G D then 

PD[X]{x^) < (^^±^y Pn[X]{x,) . (30) 

Proof: By (3) we have Pb^Xi, z) < {l + r / sY{l-r / s)~''-PbX^2, z) if \z\ > s. Using the 
second equality in (29) with U = Bg, (22), and (3), we prove the result. □ 

Lemma 3 If Xi,X2 G D then there is 0x^^x2 such that for every A > 

Pd[X]{xi) < Cx„x,Pd[X]{x2) . (31) 

Proof: If Xi,X2 G Br G i?2r C D for some r > then we are done by Lemma 2 with 
c = Cxi,x2 depending only on d. Assume that B{xi, 2r) C D, B{x2, 2r) C D, B{xi, 2r) fl 
B{x2,2r) = for some r > 0, and consider (29) with U = B{xi,r). Let y G D'^. By (22) 
and the first part of the proof we obtain Po{xi, y) > /^(^^ r) ^Pd{x2, ?/)Pb^(0, x — xi)dx. 
□ 

If K C -D is compact and Xi,X2 G K then Cx^^x2 Harnack's inequality above may be 
so chosen to depend only on K., D, and a, because r in the above proof may be chosen 
independently of xi,X2- Note that D and K may be disconnected. 
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Remark 1 If A > and Pd[X\{x) is finite (positive) for some x E D, then it is locally 
bounded from above (below, resp.) for all x E D. This follows from Lemma 3. Note 
that if (10) holds then -Poi-^] is finite and locally uniformly Lipschitz continuous on D, a 
consequence of (30). 

The following well-known result is given for the reader's convenience. 

Lemma 4 Go is positive and jointly continuous: D x D {0,oo]. 

Proof: By (26), (22), Lemma 2 and symmetry. Go is locally bounded on {{x,y) G 
D X D : X y}. By Remark 1, Gn is locally uniformly continuous in each variable, and 
so it is jointly continuous on this set. Near the diagonal {{x,x) : x E D} we use (15) with 
U = B{x, s) C D. For this U the first term on the right hand side of (15) is explicitly 
given by (23) and also positive onU xU and the second term can be dealt with as before. 
Thus, by Lemma 3, GD{x,y) is jointly continuous D x D [0, oo] and Gr){x,y) > on 
D X D, regardless of connectedness of -D. □ 

For clarity we note that Go is finite and locally uniformly continuous on DxD\{{x, x) : 
X E D} {on D X D a a > d = 1), see (15) and (23). 

Scaling will be important in what follows. Let A; > 0. We have 

/ iy{0,y)dy = k-^ [ u{0,y)dy. 

JkU Ju 

Similarly, if ipk{x) = ip{x/k) and ip E C^(R'^) then 

A"/Vfc(a;) = k-''A''/^if{x/k) , x G R'^ . 
By (11) and uniqueness of the Green function we see that 

Gkuikx, kv) = k'^-'^Guix, v) , x, w G R^ (32) 

hence 

Sku{kx) = k'^suix) , X G R^ (33) 

and 

Pkoikx, ky) = k-'^Poix, y), x,yER''. (34) 
By (20) we also have that 

o;^- (fcA) =uUA), xE R'^, AcR'^. (35) 

Translation invariance is equally important but easier to observe, for example we 
have Gu+y{x + y,v + y) = Gu{x,v). Both properties enable us to reduce many of the 
considerations below to the setting of the unit ball centered at the origin. 
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3 Approximate factorization of Poisson kernel 

We keep assuming that 7^ D C R'^ is open. Note that the constants in the estimates 
below are independent of D. When < r < 1 we denote = DCiBr and D'^ = B'^UD\Br. 
Our first estimate is an extension of an observation made in [41, the proof of Lemma 3.3]. 

Lemma 5 For every p G (0, 1) there is a constant Cd,a,p such that if D G B then 

u^iB^) < Cd,a,p sd{x) , X e Dp. 

Proof: Let < p < 1. We choose a function 9? e C^{K'^) such that < ip <1, (p{y) = 1 
if \y\ < P, and ip{y) = if \y\ > 1. Let x G Dp. By (20) we have 

ujUB') = f {^{x) - ^{y))u;Udy) < [ (^(x) - ^(y) V^(rfy) 



GD{x,y)A'^/My)dy. 



D 



It remains to observe that A"/^(y9 is bounded and the lemma follows. □ 
For X G R"^, r > 0, and a nonnegative measure A on R'^, we let 



Ax(A) = / u{x,y)X{dy) , and A^^rW = / iy{x,y)X{dy) . 

Note that if /c > and is the dilation of the measure A defined by 

V{y)\k{dy) = k'' I v{ky)X{dy) (36) 



then 

Ao,fc.(Afc) = fc-"Ao,.(A). (37) 
Lemma 6 Let < p < 1. There is Cd,a,p such that if D G B, A > 0, supp A C B'^, then 

Pd[A](x) < Ao,p(Pd[A]) , xGDp. (38) 
Proof: LetO<p<g<r<l and x G Dp. By (28) and (19) we have 

Po[X]{x)=n^^[PD[X],X]{x)< [ PBAx,y)Pl,[X]{dy). 

Jd', 

Fubini-Tonelli theorem yields 

Pd[X]{x) < f f PB,Xx,y)P*D[my)dr= [ K{x,y)P*B[X]{dy), 

where, according to (3), 
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Here and below \y\>q and r < 1 A which imphes that 

\y\ 



^>^, M±I>i,and r^-|xP<l. 



Thus 



We conclude the proof by choosing, e.g., g = (1 +p)/2. □ 

The above regularization of PB^{x,y) ([9]) is an analogue of volume averaging in clas- 
sical potential theory. 

Lemma 7 Let < p < 1. There is Cd,a,p such that if X > 0, supp \ <Z and D G B, 
then 

CdXpKpiP*D[>^])''^Dix) < PolXlix) < Cd,a,pAoAP*D[M)sD{x) , X E Dp . (39) 
Proof: Let 0<p<g<r<l and x E Dp. By (28) and (21) we have that 

Pn[\]ix)= [ Pn,{x,y)Pmidy)+ [ Pz5[A](y)a;^^(rfy) . (40) 

JDi. J Dr\Dq 

\i V E Dq and y E B^, then {r — q)/r < \y — v\/\y\ < (r + q)/q. Hence 

/ PDS^,y)P*j,[\]{dy) = [ [ GD,{x,vMv,y)dvP*^[X]{dy) 

- Cd,a,r,,sn,{x) [ u{0,y)P*^[X]{dy). (41) 

The second integral of (40) is estimated by using Lemma 5, 6, and scaling (35, 63): 
/ Po[X]{yWt,^^{dy) < ul^{Bl) sup Po\\] 

J Dr\Dq Dr\Dq 

< C,,^,p,,,rSD,{x) [ u{0,y)P*o[X]{dy). (42) 
Since Pd[X] is nonnegative, (40), (41) and (42) yield: 

PD[X]{x)>^C,,a,p,g,rSD,{x) f u{0 , y) P^[X]{dy) . 

Jd', 

Clearly, sd„{x) < sd{x). In view of (16), Lemma 5 and scaling we also have that 



sd{x) = SD,ix)+ SDiz)u''ij^{dz) < SD,{x)+u;^^{B^g)supsD 

J D\Dq D 

< SDq{x){l + Cd,a,p,q SUp Sb) = Cd,a,p,q SDq{x) . 

B 
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Of course, f^, iy{0,y)P^[\]{dy) < iy{0,y)P^[\]{dy). Lemma 6 yields that also 
[ uiO,y)P*^[X]idy) < [ uiO,y)P*^[X]idy) + ^^^4§^snpPn[X] 

Jb^ JD',. P Dr 

< Cd,a,p,r [ u{0,y)P^[X]{dy). 

This proves (39) by choosing, e.g., 5' = p + (1 — p)/3 and r = p + 2(1 — p)/3. In fact for 
every x E D we have 

Pj,[X]{x)= I f Go{x,z)v{z,y)dzP*o[X]{dy)>Ca,aSD{x) I v{{),y)Ph[X]{dy) . (43) 

Jfic JD J B'' 

□ 

Remark 2 Scaling leaves (39) invariant. Indeed, let be defined by (36) for some 
A; > 0. By (35, 34), PkD[Xk\{kx) = Pd[A](x) for x E D. By (37) and (63) we have 
that Ao,fcp(P^£)[Afc])sfcz)(A;x) = Ao,p(P5[A])s£)(x), which is our claim. Similar observation 
is valid for translation. 

Remark 3 The constant Cd,a,p in (39) may be considered nondecreasing in p. In- 
deed, if < pi < p2 < 1 and Pd[A] < Cd,a,p2^G,P2{PD[^])^D on Dp^ then Pd[X] < 
Cd,a,p2^o,pjiPh[M)sD on Dp^. Similarly, if C^ip,Ao,pi(^D[A])sD < Pd[X] on Dp^, then 
CdXr2^o,pAPm)sD < Pd[X] on Dp,. 

The lower bound in (39) even holds with a constant independent of p, see (43). 

Proof of Theorem 1: By (34) we only need to consider r = 1. Let Di = D n B. By 
Lemma 1 and (22), for i,j = 1,2 we have that P£,{xi,yj) = Pr)i[Xj]{xi), where Xj > 0. 
Lemma 7 with p = 1/2 yields 

PD{xuyi)PDix2,y2) < Cj„,i/2Ao,i/2(^DjAi])s/3i(a;i)Ao,i/2(^^)jA2])sDi(a;2) 

< Cia,l/2PD{Xuy2)PD{x2,yi) ■ □ 

Let A, p be nonnegative measures on i?^. Integrating (4) with respect to X{dyi) p{dy2) , for 
Xi,X2 E D n Br/2 we obtain 

Pd[X]{xi)Pd[p]{x2) < Cd,aPD[p]{xi)PD[X]{x2) . (44) 

By translation, (44) and (4) extend to intersections of D and balls of arbitrary center. 

Inequality (44) and the following global version of it state our uniform BHP in a more 
traditional form, see also Remark 11. We emphasize that the constant in (46) below does 
not depend on D, and that D may be disconnected. 

Theorem 4 Let G C R'^ be open and let K G G be compact. There is a constant 
G = Gd,a,G,K with the following property. If D C R'' is open, X, p are nonnegative 
measures not charging G D V^, and f = Pd[X], g = Pd[p], then 

G-'f{y)g{x) < f{x)g{y) < Gf{y)g{x) , x,yEKr\D. (45) 
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Proof: In what follows will use Lemma 7 and a refinement of the argument used in the 
proof of the global Harnack inequality (Lemma 3). For every x E K we consider a ball 
B{x,r.j.) C G. We select a finite covering, B{xi,pr^J, . . . , B{xn,prx^), of K, where, e.g., 
p = 1/2. We denote rj = r^^., Bj = B{xj,rj), Bj = B{xj,prj), where j = 1, . . . ,n, and 
we let R = diam/T and r = minjri, . . . ,r„,}. We now fix x,y E D Ci K and let i,j be 
such that X E D n Bi, y E D n Bj. Let / = -Pd[A], as described above. Note that / is a 
Poisson integral on each D H Bihj (28) and (22). By Lemma 7 and Remark 2 we obtain 



SDnBAX) 



<Cd,a,p\ [ u{Xi,z)P*o[X]{dz)+ [ 

\JBf\B, JBft 



v{xi, z)f{z)dz . 



For z E B^ \ Bj we have \z — Xj\ < R + \z — Xi\ < ^^j^\z — thus ^{xi, z) < 



rp 



Cd,a,p,r,Ri^{xj, z) in the first integral. In the second one we simply estimate i'{xi,z) < 
Cd,a,p,r- It follows that 



<Cd,a,p,r,R( f u{Xj,z)P*r,[X]{dz)+ [ f{z)dz] . 

\JB^ J DnBj J 



SdhbA^) 

We use Lemma 7 and Remark 2 to estimate the integrals. We obtain 

"^^ ^ < C'd,a,p,r,fl ( '^^^l . + Axj,prj (-P5[A]) / ^ SonB, 

V SonB, [y) JDnBi 



[z)dz 



SdiibA^) 

But SdhBj < SB, < Cd,a,R, and Aa;^,^,.. (P^[A]) < Cd,a,p f{y)/ SDnB,{y)- Therefore 

/(^) ^ ^ f{y) 

By analogous inequality for g we obtain (45). □ 
Remark 4 We note that (45) may be written as 

^_i/M<M<c44, x,yEDnK, (46) 

g{y) 9{x) g{y) 

provided the Poison integrals are nonzero and finite for (one and therefore for all) x E D. 
Specifically, for / the condition means that (10) holds and A is not equal to zero on V^. 

Remark 5 As seen in the above proof, C in (46) depends only on d, a, diamG and 
dist(i^, C^). In fact, by scaling, its dependence on diamG* and dist(J'r, C^) is only through 
the ratio dist(-ft', G^)/ diamG. 

Remark 6 Let D C R*^ be open, U G D bounded, / = -Pd[A] for a nonnegative measure 
A on D"^. If h = dist(suppA, U) > and / is finite at one point of U then / is bounded on 
U. This follows from Theorem 4 applied to K = U, G = {x E R"' : dist(x, U) < h/3} and 
g = Pnncl^Adx] < 1, where A = {x E H'^ : dist(x, U) > 2h/3} is open and nonempty. 
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Remark 7 Let D C R'^ be an open Greenian set, let xq E D and f{x) = Gd{x,xo). It 
is well known that the set {x G dD : /(x) > 0} is polar ([34, p. 263]) so it is of Lebesgue 
measure zero. Let G be an open bounded Lipschitz domain, D fl G 7^ 0, and assume that 
Xo ^ G. Then ujQ{dG) = for x G G. By the above and (26) we have 

f{x)= / _f{w)PDnG{x,w)dw, xeDnG, 
Jd\g 

so / is a Poisson integral on D (1 G. We thus may apply Theorem 4 to Z^, G and / as 
above. We may also use Remark 6 for /. It follows that for arbitrary r > the function 
is bounded on any bounded subset oi D \ B{xQ,r). The result is nontrivial if d < a, 
especially for d = a = 1. 



4 Existence of limits 

For a positive function g on a nonempty set U we define its relative oscillation: 

sup^gf/ q{x) 



ROu q = RO^(zu q{x) 



inf^.gc/ q{x) 



For notational convenience, we put KOu g = 1 if f/ = 0. 

The main result of this section addresses the asymptotics of Poisson integrals at x = 0. 
(30) gives a motivation for (47), but here x = may be, e.g., a boundary point of D. 

Lemma 8 For every 77 > there exists r > such that 

ROnnB,. <l+V (47) 

for all open D G B and nonzero nonnegative measures Ai, A2 on B'^ satisfying (10). 

Proof: Let c denote 6*^,0,^1/2 of Lemma 7 with p = 1/2. Recall from the proof of 
Theorem 1 that (44) holds with Gd,a = c^- Thus, (47) holds for r = 1/2 with 1 + 77 
replaced by c^. We will show that the left hand side of (47) is self-improving when 
r — > 0^. This will be done under each of the two complementary assumptions: (49) and 
(53) below. First, however, we need some preparation. For < p < q < 1/2 and a 
measure A let Dp q = Dq\ Dp and 

Aa;,p,g(A) = / u{x,y)\{dy) . 



We also denote 



= Pn[\] , fr = pz^jid,, p^[A.]] , fr = PDA^D'PhiH] , 
/; = PhiM , /r = , fr = p*D^^D'Pl>[K]] ■ 

What follows will be valid for z = 1 and z = 2. By (28) and (22) we have fi = ff+ff^ and 
/; = fr* + Ir*- For r G (0, 1/2] we denote = mfoMi/f2) and M,, = sup^^(/i//2). 
As we noted above, M,. < c^m^. Let e > 0. 
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Let g G (0, 1/2] and let p = p{q) G (0, q/2) (depending on q and e) be defined by 

iq + 2p)/iq-2p) = l + e, (4J 

/2p anu y ^ n^"- 



so that if z G D2p and y e then (1 + £)-°'-"z/(0, y) < iy{z,y) < (1 +e)'^+"z/(0, y). Tlius, 



for X G we have 

^"•"(3^) = / / Go,,{x,zMz,y)dzf:{dy) < (1 + e)'^+"Ao,,(/r)5D.,(x) , 

and 

^^'V)>(l + .)-'^-"Ao,,(/n^D.,(x). 
We will now examine consequences of the following assumption: 

Ao,p,,(/;) <£Ao,,(/;), t = l,2. (49) 
If (49) holds then using Lemma 7 and Remark 2 we obtain 

/^P'^(x) < cSi52p(a;)Ao,p(/^^'^*) < csD2p{x)Ao,p,q{fi*) < ce SD,^{x)Ao,q{f*) , x e Dp . 
Recall that = /f^'^ + Thus, if (49) holds then we have 

(l+5)"'^"-Ao,,(/i*) ^ /i(x) ^ (c5+(l + e)'^+")Ao,,(A-) 



(C£ + (1 + 5)^+")Ao,,(/2*) - /2(X) - (1 + £)-'^-"Ao,,(/2*) 

and, finally. 



ROd, ^ < (c£ + (1 + 5)'^+")2(l + £)2'^+2" . (51) 
72 



We are satisfied with (51) for the moment. Let < p < g/4 < q < 1/2, g = fi^'^—Tn^ff'^, 
and h = Mqf2^'^—ff'^. Note that on D2p both and h are Poisson integrals of nonnegative 
measures. If Dp ^ then by Theorem 1 (see also (44)), 

Dp J 2 Dp J 2 " J 2 h / 

and 

j2p,g ^ h ( /^^'^' 

M^j — inf - = sup „- - < inf „_ _ = M^j — sup _ 

' ^^f?'' Dhf''- ^^f?'' [ ' D, fl'^" 

By adding these inequalities we obtain 



p2p,q r2p,q 
Jl • r Jl 



[c' + 1) I sup ^ - inf ^ I < (c^ - 1)(M, - mq) . (52) 



We will now examine consequences of the following assumption: 

Ao,.-(/*) < ^Ao,2M(/r) • (53) 
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By Lemma 7 and Remark 2 (consider D = D2p, p = 2p and Bq replacing B therein), for 
X G Dp we have 

Hence, by our assumption (53), Lemma 7 and Remark 2 apphed to Dp C i?2p 

f!^'%x) < ce sn.^{x) Ao,2pAhn < ce sn,,ix)A,,p{ff^n < c'e f?'%x) , xeDp. 
Since /, = /f + ^" on Dap, this and (52) yield 

(c^ + 1) (Mp-/(1 + c^e) - mp{\ + c^e)) < (c^ - l){Mg - m,-) . 
Note that rrip > rrig. Dividing by rrig finally gives 

ROz,, I < (1 + ^"e)" + (1 + ^'^)^ (ro^. f - • ^54) 

We now come to the conclusion of our considerations. Let 77 > 0. If e is small enough 
then the right hand side of (51) is smaller than l + rj and right hand side of (54) does not 
exceed v9(ROd,-(/i//2)), where 

4 

m = ^ + l + ^^it-l), t>l. 

Let (f^ = if, (p^+^ = ifiif^), I = 1,2, . . .. Observe that (p{t) = t for t = 1 + r/(c^ + l)/2, 
and ip{t) < t for t > 1 + //(c^ + l)/2. Thus the /-fold compositions v^'(c^) converge to 
1 + //(c^ + l)/2 as / — > 00. In what follows let / be such that 

if'ic^) < l+r/(c^ + l). 

Let k be the least integer such that k — 1 > (? je^. We denote n = Ik. Let go = 1/2, 
Qj+i = P{(lj) for j = 0, . . . , n — 1 (see (48)), and r = g„. If for any j < n, (49) holds with 
q = qj and p = p{q) = qj+i, then 

and we are done by the definition of e and (50). Otherwise for j = 0, . . . , n — 1, we have 
Ao,gj+i,qj(/i*) > £^Ao,gj (/i*) for i = 1 or i = 2. Note that by Lemma 7 

Hence Ao,g,+i,g,(/i*)/Ao,g,(/»*) < c2Ao,g^.+i,,^(/3-i*)/Ao,g,(/3-i*), and so Ao,g^+,,g^.(/i*) > 
c"^£ Ao,q^(/i*) for both i = 1 and i = 2 (and all j = 0, 1, . . . , n — 1). If < j < / and 
p = q(j+i)k, q = Qjk, then 

Ao,2m(/^*) > Ao,,o^,),_„.,.(/r) > (fc - l)c-2e Ao,,-(/r) > e-'Ao,,{h*) , 
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so that (53) is satisfied. We conclude that (54) holds. Recall that ROdi/2(/i//2) < c^- 
By the definition of / and monotonicity of (yj 

^^r^n. f < ^ (rO^,... f ) ^ • • • ^ f ) ^ 1 + + 1) ' 

i.e. R0d^(/i//2) < 1 + ?7(c^ + 1). Since r] > was arbitrary, the proof is complete. □ 
Corollary 1 If D is bounded, G dD and y e D'^\ {0}, then 

hm '^^'f ' ^'^ exists. (55) 

Proof: We may assume that Poix^y) < oo for x G -D. For bounded by (2) and (5) 
we have that 

sd{,x) = lim P£,{x, z) / u{Q, z) . (56) 

In fact, Pd(x, z)/(sd(x)z/(0, 2;)) ^ 1 uniformly in x G -D. By scaling, we may assume 
that \y\ > 1. We apply Lemma 8 to Ai = Sy and A2 = £^/i^(0,2;). It follows that 
RO/)^ Pci(-, ?/)/s£)(-) — 1 as r ^ 0+, which, in presence of (39), is equivalent to the 
convergence to a finite, positive limit. □ 

As an addition to Corollary 1 we note that if is inaccessible from D, then we have 

Pn[X,]ix) ^ J^,i^{0,y)Pl,[X,]idy) 
ni^o P,,[\,]{x) /^,KO,2/)P5N(rfy)' ^ ^ 

and 

oi^o sd{x) z/(0, y)sD{y)dy + 1 ' 

Here Ai, A2 are nonnegative measures on B"^ for which the Poisson integrals are positive 
and finite. Indeed, by Lemma 7 the integrals / i'{0,y)P^[Xi]{dy) are finite. Hence, for 
every e > we can find g > such that (49) is satisfied with p = q/2. It follows that (50) 
holds. Since e was arbitrary, the first equality is proved. The second one follows by using 
(56). 

We remark in passing that (56) yields (24) as a consequence of (3), and sheds some 
light on the role of S£) as a substitute, at infinity, for the Poisson kernel, see Theorem 2. 



5 Harmonicity 

Definition 1 Let f be a nonnegative continuous function on D and let X be a nonnegative 
measure on D^. We say that f is a-harmonic in D with outer charge X on if for every 
open bounded U such that U d D we have (see (27)) 

f{x) = n^[fA]{x), xeU. (59) 
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We note that the integral in (59) is finite by the assumption that the left hand side 
of (59) is continuous (hence finite). Thus for (nonnegative) / which is a-harmonic on 
(nonempty open) D with outer charge A > 0, by (3) and (22) we necessarily have that 

f {l + \y\)-^-y{y)dy+ [ (l + |y|)-'^-"A(dy)<oo. (60) 

The present definition extends the usual definition of an a-harmonic function ([9]) by 
allowing measures as "boundary values" (outer charge) on D^. The (genuine) a-harmonic 
functions studied so far in the literature correspond to absolutely continuous measures A. 
For such measures we can denote dX/dx by / on D"^, and (59) then reads 

fix)= [ f{y)co%dy), xeU, (61) 

for open precompact U G D, see (21). We consider (59), (61) a mean- value property 
because is a probability measure. 

Formula (26) yields that the function x i— G£,{x,y) is a-harmonic on D \ {y} with 
zero outer charge, see also Remark 1. Also, x i— ujf){A) is a-harmonic on D for every set 
A by (18), and (21) applied to U. Here the outer charge is IacIx. Lastly, if / = Pni-.y) 
is finite on D then by (29) it is a-harmonic in D with outer charge Sy. If a measure A is 
nonnegative and -Pd[A] is finite on D then by Fubini-Tonelli and Remark 1, -Pd[A] is en- 
harmonic in D with outer charge A. By the same token, x i— > Pd(x, y) is not a-harmonic in 
D with zero outer charge. To be absolutely clear on this, we consider D = B and \y\ > 1. 
We note that the function x i— > PB{x,y) vanishes on B'^, and has a maximum inside B. 
Thus the mean- value property (59) cannot hold with A = (recall that UJ^(R'^) = 1). 
As we will see below, not every harmonic function is a Poisson integral, neither is every 
harmonic function on D represented by an integral against the harmonic measure of D. 

If / is a function on R'^ continuous on D and X{dx) = f{x)dx on D'^, then (59) is 
equivalent to 

A"/V(x)=0, xeD. (62) 

The result is given in [13], and its proof can be extended to the present more general 
setting. However, we will not use (62) in the sequel, and we leave the verification of the 
extension to the interested reader. We also refer the reader to [16] to see the limitations 
of pointwise definition of harmonic functions by means of the corresponding generators. 

Remark 8 If open precompact D' G D is a Lipschitz domain, then uj^,{dD') = (see 
the discussion following (21)), and / in Definition 1 can be considered a Poisson integral 
on D'. This immediately yields Harnack inequality for general (nonnegative) harmonic 
functions, see (30), (31), and Remark 1. 

In a number of considerations below we need to allow U touching dD in (59). Let 
D*-^-* be the set of regular boundary points for D (see Section 2). It is known that 
uj^idD \ D^*^)) = for every open U and x G U, and \dD \ D^"^)] = ([34]). 

Lemma 9 Suppose that < g < f on D, and f,g are a-harmonic on D with zero outer 
charge. I/UgD and f{x) = Jj^, f{y)uj^{dy), x gU, then g{x) = g{y)ujfj{dy) , xgU. 
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Proof: Let Dn be an increasing sequence of open sets precompact in D such that 
D = [jDn- Let Un = U n Dn, so that f/„ increase to (possibly unbounded) U. Then 



< / giyPUdy) < / f{y)^uMy) = fi^) - / fiyPuMy) , ^ e f/. . 

JU\Un JU\Un JD\U 

Recall that uofj^ increase on D\U and vaguely converge to u}^ on R"^. Since D \ U G D 
and f]U \ Un C dD are disjoint, we conclude that actually ufj^ increase to ujfj on D\ U . 
Hence, by monotone convergence, the right hand side tends to when n oo. Thus 

^(x) = lim / g{y)ujfj^{dy) = livn / g{y)uj^Jdy) = I g{y)ujfj{dy) . □ 
>/d\c/„ Jd\u Jd\u 

Lemma 10 Let Di, D2 he open sets such that 

dist{Di\D2, D2\D,)>0. (63) 

Let D = DiU D2 and assume that ujf){D'^) > for (one and therefore for all) x G -D. Let 
f > be a function on IV^ such that f = on D'^ , and for i = 1,2 we have 

f{x) = J f{y)cof,^{dy) tf xeD,. (64) 

If Di is hounded then f = on the whole of D. 

Proof: Note that effectively the integration in (64) is only over D-^^i \ Di, i = 1,2. We 
can assume that both these sets are nonempty. We then observe that / is hounded on 
Di \D2- Indeed, if we consider Lipschitz open set U such that Di \ D2 G U G DiVJ 
and dis.t{U,D2 \ Di) > then it follows from (64) with i = 1, (18) and (22) that / is a 
Poisson integral on Di fl U, and the boundedness follows from Remark 6. By considering 
i = 2 in (64) we see that / is bounded on D2, hence on the whole of D. 

Let {Xt , t > 0; Pa; , E^. , X G R'^} be the isotropic stable Levy process with the 
corresponding Markov probabilities and expectations. For open set U we define the first 
entrance time of W^, tu = inf{t > : Xt ^ U}. It is well known that uJij{A) = Px{tu < 
00 , Xr^ G A) for X G U. Let Ti = r^-^ ■ We define "shuttle" times 



T2n — ^2n-l + TD2 ° 0r2„_i 
T2n+1 = T2n + Td^ O Q^^^ , n = 1,2, 



where is the usual shift operator: {X o 0^)^ = Xs+t- If -^t„ G D'^ then 

TD = T.n = Tn+i = T„+2 = • • • , and X^^ = Xt„ = Xt„+^ = .... (65) 

Otherwise, 



|^T„+i -XtJ> dist(Di \ D2, D2 \ Di) = dist(Z}i \ D2, D2\D,)>0. (66) 

We define Markov time Too = hnin^oo^n- Clearly, T^o < t^. By quasi-left-continuity of 
{Xt} we have that Xt„ — > Xt^ as n — > 00, if Too < 00. But (66) then implies (65), in 



18 



particular Too = td- Clearly, if Too = oo, in particular if T„ = oo for some n, then we also 
have Too = td- If ^n-i = < oo then X'r„ G D^, and so by strong Markov property of 
{Xt} and (64) we obtain 

fix) = E,. {T„ < oo ; fiXrJ} = E,. {T„_i < T„ < ; /(X^J} 

< ||/||ooPx.{T„_i < T„ < td} , n>2. (67) 

Here ||/||oo = sup^jgj^d /(x). We consider 

5fn(x) = P^. {T„_i < T„ < r/)} = {T„_3 < T„_2 < Tn-l <Tn < Td} 
= E, |t„„3 < T„„2 < ; Pxr„_, [Ti < T2 < r^] } 

= E^, {Tn-3 < Tn-2 < Td ] 5'2(Xt„_2)} < ||5'n-2||oo ||5'2||oo , (68) 

where n > A. We will examine 

92{X) = P,{Ti<T2<Td} 

= E, |X.^^ e D2 ; Px.,^ [td, < 00 , X.,^ e Z^i] } . (69) 

If = 1 on T) then (7„ = 1 on D for every even n, see (68). By the definition of Qn and our 
discussion of (66), we then have that Px{td = oo} = 1, contradicting the assumptions 
of the lemma. Thus, g2ix) < 1 for some x E D. Observing the expressions in (69), by 
Harnack inequality we conclude that 

Px [Xr^^ ED2] <l for all X e Di, (70) 

or 

Px {td2 < 00 , ^TD^ e Di] <1 for all x G D2. (71) 

Assume that (70) holds. By Theorem 4 applied to the above mentioned set U H Di, 
there is c > such that 

P.. {Xr^^ G D2} < cP,. {Xr^^ ^D2} , XeDi\D2, 

thus 

P,{X.^^ GD2} <l-c, xeD,\D2, (72) 

and so ||5'2||oo < 1 — c. 

Assuming (71), there will be a ball 5' C -D2 \ Di such that E {X^^a ^ -^i} < ^ - ^ 
for some e > 0. If (70) is false then P^ [X^^^ g T'2} = 1 = Px [Xr^^ G T's \ ^1} = 
Pa; ^Xt-^^^j^^ G -D2 \ for all x G Di. By (3) there is c > 0, independent of x G Di\D2, 

such that P^ {X^^^ G 5'} > P^ {^rs(,,,) G 5'j > c, where r = dist(x,T)2 \ ^i)- We 

obtain that ||5'2||oo < I — ce. 

Thus, (70) and (71) imply that ||5'2n.||oo — * 0, and so / = 0, see (67), (68). □ 
Lemma 10 applies, e.g., if Di, D2 are overlapping finite open intervals on the line. 
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Lemma 11 Let f he a nonnegative function on R'^ which is a-harmonic in hounded D, 
with outer charge f{x)dx. Suppose that f is hounded and continuous on D U D^^\ Then 



f{x) = j f{y)ujUdy), xeD. (73) 

Proof: Let D„ be an increasing sequence of open sets precompact in D such that 
[J Dn = D. Recall that cuf,^ — > uj^ weakly as n — >• oo and ujf){D \ = 0. Since / is 
bounded and continuous on D U D^'^\ 

lim J f{y)ujlSdy) = £m J f{y)ulSdy) = J fiyPUdy) = J fiyPUdy) • 

D DUDC"-) dud('-) d 

We obtain (73) by noting that Pd^^x, y) Pd{,x, y) for x E D, y E D'^, and so 

lim / PD„{x,y)f{y)dy = / Pd^x^v) f{y)dy . □ 

We remark in passing that (73) implies a-harmonicity through (18). The reverse 
implication is not true as we will see from the example of the Martin kernel with the pole 
at an accessible boundary point. 



6 Martin kernel 

It follows from (60), (26) and (21) that for open Greenian D, 

[ GDix,v){l + \v\y'^^''dv <oo, xeR'^. (74) 

By Lemma 7, S£)r,B(y,i){v) is comparable to Gd{xo,v) at v = y, thus (7) is equivalent to 

PD{xo,y)= / G d{xo, v)u{v, y)dv < oo . (75) 

Here y G R'^. If D is non-Greenian, then SDnB{y,i) = SB{y,i) for every y G R'^ because D'^ 
is polar, and so every point of D'^ is accessible from D. Thus, for general D, 

OmD nR'' = {yedD : Pd{xo, y) = oo} . (76) 

By Fatou's lemma the function y Ay{G£){xo, ■)) is lower semicontinuous. We see that 
OmD is Borel measurable, and in fact of type Qs- 

Proof of Theorem 2: Let D be open and Greenian, and let y G dD. By translation 
invariance, to study Md{-, y) we may assume with no loss of generality, that y = 0. 

Let X E D, p = {\x\ A |xo|)/2, and Dp = D n B{0,p). By Harnack inequality in the 
first variable, G£){x,v)/G£){xo,v) is bounded from above and below for v G Dp. Also, 
G£){x,v) = P£)^[G{x,u)du]{v), Gd{xo,v) = PDp[G{xo,u)du]{v) for v G Dp. Lemma 8, 
applied to Dp, yields that Me,{x,0) is well-defined by (8). Clearly, < Md{x,0) < oo. 
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Denote M{x) = Md{x, 0). If is inaccessible from D, then by (57) we have 



M{x) = z/(0, y)Gn{x, y)dy j z/(0, y)GD{xo, y)dy = Pd{x, 0)/Pd{xo, 0) , 

in particular M{x) is a-harmonic on D with outer charge {Pd{xo, 0))~^eo and so it is not 
a-harmonic on D with zero outer charge. However, if is accessible from D then 



M{x)= / M{y)u;^u{dy), xeU, (77) 
Jd\u 

for every U = D \ Br with i? > 0. Indeed, (77) is equivalent to uniform integrability of 
Gniy, z)/Gd{xq, z) with respect to ujfj{dy) on the (bounded) set D\U a.s D 3 z ^ 
To prove the uniform integrability, let < r < min(i?/4, |xo|/4) and zq E D^he a, fixed 
point. For y G \ D^r and z E Dr, Remark 7 yields that 

Goiv^z) Goiy^zo) 



Gd{xo,z) ' ' Gd{xo,zo) 

Again by Remark 7 we obtain that supy^^^^jj^^Goiy, Zq) < oo. Thus we only need to 
estimate J^^ GD{z,y)uj^{dy) IGd{xq, z) ioi z E D^. 

Since the density function (Poisson kernel) of uf, is bounded on D^ji/^, we have 

GD{y,z)ujlj{dy) <Gd,a,D,R GD{y,z)dy. (78) 

D:ir J Dzr 

By (22), uj^°y- is absolutely continuous on D^^ with respect to the Lebesgue measure, 
and has P£)\jj.^^{ Xq , • ) clS density function. Thus 



GDixo,z) = / GDiy,z)P^~^-^,^^Xxo,y)dy 

JD3r 



GD{y,z)G^\-p.^^{xo, Qj^iC, y)dCdy 



> 2-'^"" / Gr>{y.z)dy)[ / _ G^\^3^(xo, C)KC, 0)t/C • (79) 

\JDzr / \JD\D3r / 

The last integral becomes arbitrarily large when r is small enough. This is because 
f^GD{xoX)^{C:^)dC = oo, is accessible from D, and Gd^Xq,-) ~ S£)nB(") at by 
Lemma 7. 

Combining this, (79), and (78), we obtain the uniform integrability, and (77). In fact, 
(18) yields (77) for every open U G D provided ^ U. In particular, M is a-harmonic 
on D. Regarding the remark at the end of Section 5 we note that f = M violates (73) 
because M vanishes on D'^. 

We now turn to the Martin kernel with the pole at infinity. Let x E D. li D = IV^ and 
R*^ is Greenian, or a < d, then Md^x, oo) = \im\i,\^oo \v — x\°'~'^/\v — xo|°~'^ = 1, = oo, 
and we are done. Without loosing generality we may suppose in what follows that D is 
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a proper unbounded (Greenian) subset of R'^, and G D^. Consider the inversion with 
respect to the unit sphere: 

Tx = - — —X , X 7^ . 



\x 



Inversion can be used to reduce potential theoretic problems for the point at infinity to 
those at 0, see [17] for a detailed discussion. As proved in [17], the set TD = {Tx : x G D} 
has Green function 

Gd{x,v) = \x\''-'^\v\''-'^Gtd{Tx,Tv), x,v^O, (80) 
in particular it is Greenian. We obtain 

Mz,(x,oo)= hm ' L_J .L_./ Lj r^\ =rru-iMTD{Tx,0). (81) 



Here Mtd denotes the Martin kernel of TD with the pole at and the reference point 
at Txq. The existence of Md^x, oo) defined by (8) is proved. Also, < M^i^x, oc) < oo. 
Note that \x\°'~'^Mj'd{Tx,0) in (81) is the Kelvin transform of Mtd{x,0), see [17]. By 
[17], M£,{x,oo) is a-harmonic in D if and only if Mj'Dix,0) is a-harmonic in TD. We 
finally observe that oo is accessible for D if and only if is accessible for TD. Indeed, by 
(80) and a change of variable v = Ty with Jacobian |?/|~^'^, 

J GTD{Tx,yMO,y)dy = Ad,-a\xf-'' J GD{x,Ty)\y\-^% = Ad,-a\xf-''sD{x) . (82) 

Therefore a-harmonicity of M£)(x, oo) is equivalent to accessibility of oo for D. □ 
We let 

Mn{x,y) = -^^j^^, x,yeD, (83) 
GD{xo,y) 

so that M£){x, y) is now defined for all a; G -D and y E D*. In passing we note that (80) 
yields 

MD{x,y) = P^MTD{Tx,Ty), xeD, y e D\ (84) 

where ^ D, the reference point for Mtd is Txq and we use the convention TO = oo. 
Too = 0. Recall that Br = 5(0, r). 

Lemma 12 For every p > and rj > there is r > such that for every Greenian D 

R0?,eDnB.^D(x,2/) < 1 + r/, if x,x^eD\Bp, (85) 

R0,eD*\i5i/.^^^(^'^) ^ 1 + ^' x,XoeDnByp. (86) 

The Martin kernel Mo{x, y): D x D* \ {{xq, Xq)} ^ [0, oo] is jointly continuous. 
Proof: To prove (85) let p > r > and x,Xo E D \ Bp. We note that by (8) 

sup MD{x,y)= sup — — -, mf MD{x,y) = mf — — -, 

yeDnBr yeDDBr GD{Xo,y) yGDnBr yeDnSr GD{Xo,y) 

22 



hence RO y ^-^^^^ MD{x,y) = ROygDnB, Md(x, y). As functions of y, Goix.y) and 
GD{xo,y) are nonnegative Poisson integrals on D n Bp of measures on B^. Thus (85) 
is an immediate consequence of Lemma 8 and scahng. To prove (86), as in the proof of 
Theorem 2 we may assume that G D'^, and then (81) reduces (86) to (85) for TD. 

By Lemma 4, Md given by (83) is jointly continuous: D x D \ {(xo,xo)} i— > [0, oo]. 
We will consider the remaining case; let D x D* 3 {x',y') — > (x,?/) G -D x d^D. We have 

Mpjx'.y') _ Mpjx'.y') Mpjx^y') 
Mpix.y) Mpix.y') ' Mpix^y) ' 

Here the second factor on the right hand side converges to 1 by (85) or (86). We will 
verify uniform continuity of the first factor at x' = x. If B{x, s) C D, and y' G B{x, sY 
then by (26), (77) and (29) we see that /(■) = Mp^-.y') satisfies (59) with \{dw) = 
Mp{w,y')dw + cSyi^dw) and U being the open ball. Here c = 1/ Pp{xo,y') if y' G D'^ and 
y' is inaccessible for D, and c = otherwise. The uniform continuity follows from (27) as 
in the proof of Lemma 4, and Mp{x' ,y')/Mp{x,y) — > 1. □ 

Remark 9 The kernel functions Gp, Pp, and Mp may be studied without explicit men- 
tion of harmonicity, by using (15) and its consequences, (29) and (77). 



7 Structure of nonnegative harmonic functions 

Lemma 13 // / > and f is a-harmonic on D, with outer charge A > 0, then there 
is a unique nonnegative function fg a-harmonic in D with zero outer charge such that 
f = Pp[X] + f, onD. 

Proof: Let Dn be an increasing sequence of open precompact subsets of D such that 
U^i -O" = D- By (2), monotone convergence of Gp,^ to Gp, a-harmonicity of /, and 
(21), we have 



Pp[X]{x) = lim / / GD„{x,z)i^{z,y)dzX{dy) < f{x) , xeD. 

We let fs = f — Pd [A] . The stated properties easily follow. □ 

Since the outer charge of fs vanishes on D'^, the present setting for further decom- 
position of fs is analogous to those of [10, 36, 41], despite the initial generality of our 
definition of harmonic functions (but see the discussion following (9)). 

Lemma 14 Let D be Greenian and let fi > be a finite measure on BmD- Then 



fix) 



I Mp{x,y)fx{dy), xeK" (87) 

JSmD 

is a-harmonic on D with zero outer charge. Conversely, if f > is a-harmonic on D 
with zero outer charge then there is a unique finite measure fi > on d^jD satisfying 
(87). 
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Proof: It is a straightforward consequence of Theorem 2 that / given by (87) is a- 
harmonic in D with zero outer charge on D'^. We shall write / = M£i[/i]. 

Let / be a nonnegative function a-harmonic in D with zero outer charge on D'^. Let 
Dn denote an increasing sequence of open sets precompact in D such that U^i = D. 
We will also assume that ujf)^{dDn) = for x G -Dn, which holds, e.g., if Dn are Lipschitz 
domains. By (22) for x G Dn we then have 



f{x)= I PD,Xx,y)f{y)dy = / Md,Sx,v) [ Go^ixo^v) / iy{v,y)f{y)dy\dv. 

JD\Dn JDn \ JD\Dn J 

Let iin{dv) = (^Gd„{xo,v) J^^^^^u{v,y)f{y)dy^dv. Since /i„(-D) = /(xq) < oo, by con- 
sidering a subsequence we may assume that /i„ weakly converge to a finite nonnegative 
measure /i on D*. We claim that fi is supported in d^D. Indeed, ii n > k, v & D^, 
y e D\ Dn, then u{v, y) < Gk and Gd„{^o, v) < Gd{xo, v). Hence 



^^n{Du) <Gu[ GDixo,v)dv / f{y){l + \y\r'~''dy ^ 
V^Dfe / \Jd\d„ / 

as n — > oo, see (60). This proves that fi{Dk) = and so /i is a measure on d^:D. 

Let e > and x G -D. By Lemma 12 for every y G d^D there exists its neighborhood 
Vy such that 

ROvy Mu{x,-) <l + e, 

with U = D and U = Dn, n = 1, . . .. From these, one selects a finite family {Vj, j = 
1, . . . , m} such that V = ViU ...UVm^ d^D. For j = 1, . . . , m, let zj G Vj n D. Let A; 
be so large that for n > A; we have Zj G -D„, and 

, 1 Mn(x,Zj) 

{l + e)-'< <l + e, j = l,...,m. 

If f G Vj n then 

I N-3 ^ ^D(a^,^) MD^{x,Zj) ^ 3 

^ ^ -Mc(x,z,) Mz,„(x,z,) Mz,„(x,i;)-^ 



Therefore 



l + .)-3< /.nv^z.(x,y)Mc/y) ^ 3^ 



By letting ?i — oo we obtain 

/(a; 



which gives /(x) = /^^^ Mb(x, ?/)/i(rf?/). 

We will prove that is concentrated on OmD. Let U be open and precompact in D 
and let x G f/. By Theorem 2 and (29), if y G d^.D, then Md{x, y) > ^j^-^^j Md^z, y)ujfj{dz) 
and equality holds if and only if y G BmD. By Fubini's theorem 

= /(x) - / fizPUdz) = [ (unix, y)- f Mn{z, y)u;fj{dz)] fi{dy) , 

Jd\U JdD \ J D\U J 
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hence ^{d^^D \ OmD) = 0. 

We will prove the uniqueness of fi in the representation (87). We first consider / = 
^ol^yo] = M£){-,yQ), where yo G d^iD. To simplify notation, we assume as we may that 
yo = (we use translation invariance if 7^ i/o ^ R-'' and inversion if yo = 00). 

Let Dr = D n Br, D'^ = D \ Bj.. Suppose that / satisfies (87) for a nonnegative 
measure /i on OmD. Let r > and g{x) = J^y^^^^MD{x,y)^{dy). Considering y G OmD 
such that \y\ > 3r, by (77) we get 

g{x) = / g{z)uj^^^^{dz) , x G • 

JD\D2r 

On the other hand, we may apply Lemma 9 to /, g, and D'^, to verify that 

g{x)= / g{z)u;f), (dz) , x E D'^. . 
Jd\d'^ 

Lemma 10 yields g{x) = J^^ g{z)Lj^{dz) = 0, that is, /i = on OmD fl {\y\ > 3r}. In 
particular, the measures fin considered at the beginning of the proof, corresponding to 
/(■) = M£)(-, 2/0)5 weakly converge to Ey^. Fubini's theorem and dominated convergence 
yield that for general / = Mulfi] the measures yU.„ corresponding to / weakly converge to 
fl. Since yU.„ are determined by /, so is fi. □ 

We note that if / is a-harmonic in D (with zero outer charge) and < / < M£,{-, y^) 
then the proof of Lemma 14 yields / = cMD{-,yo) for some c G [0, 1]. Thus, MD{-,yo) 
is minimal harmonic i.e. an extremal point of the class of nonnegative functions / en- 
harmonic on D (with zero outer charge), such that /(xq) = 1. We note, however, that 
our proof of Lemma 14 does not invoke Choquet's theorem. Instead it relies on (8) and 
Lemma 8. 

Proof of Theorem 3: The theorem collects results of Lemma 13 and 14. □ 

In particular, if the point at infinity is inaccessible for D then 00 is not charged by 
the measure /i in the representation (87), and M(-, 00) = is not a-harmonic in D with 
zero outer charge, compare (16). 

8 Miscelanea 

Consider f{x) = uj^{dMD), x G R'^. By Lemma 13, 

/ PD{x,y)dy<f{x)<l, xeD. 

Since Pd{x, y) = 00 for y E OmD, we conclude that |9a/-D| = 0. 
We will now strengthen the result of Lemma 1 and (22). 

Proposition 1 For Greenian D C R^, and x E D, the harmonic measure ufy is abso- 
lutely continuous on D'^\dMD with respect to the Lebesgue measure, with density Pd{x, ■). 
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Proof: Let K a D^\ duD be compact and let /(x) = ujI{K) - Pd[1k\{x) > 0. We 
will verify that / = 0. By Theorem 3, f{x) = J^^^j^ MD{x,y)fi{dy) for some nonnegative 
finite measure /i on OmD- Let L C djijD be compact and let g{x) = M£i{x, y)fi{dx). It 
suffices to prove that g = 0. We let 

U = {xeD : 2 dist(x, K) < dist(x, L)} , V = {x e D : 2 dist(x, L) < dist(x, K)} . 

Observe that by (77), g{x) = j j^-^jj g{ii)ujfj{dy) for x E U. On the other hand, Lemma 9 
applied to uj^{K), g, and V C D yields g{x) = jj^^y g{ii)ujy{dy) for x eV. Hence we 
may apply Lemma 10 to conclude that g{x) = □ 

In particular, if / = -Pd[A], where A is nonnegative and absolutely continuous with 
respect to the Lebesgue measure on D'^ and has a density function g, then we can write 

f{x) = / g{y)ujl{dy), xeD. 

J D<^ 

This, however, requires a convention that g{y) = for y G BmD on the right hand side, 
and should be used with caution. Another common convention is writing / instead of g 
above, see (61). 

We note that there are domains D for which the part of the harmonic measure which is 
singular with respect to the Lebesgue measure (i.e. on dj^D) is positive. Indeed, such 
is the complement of every closed non-polar set of zero Lebesgue measure, for example, 
the complement of a point on the line if 1 < a < 2, see [38]. 

Lemma 15 Every nonnegative f harmonic on non-Greenian D is constant on D. 

Proof: If a < d then Go is majorized by the Riesz kernel [34] and so every (open) 
C R'^ is Greenian. For a > d = 1, by [38], if D is non-Greenian then D'^ is polar. 
In this case, let x,y E D and < r < mm{dist{y , D'^) , \y — x\). By recurrence (see [38] 
for the definition) for every e > there is an open precompact B G D such that x E B 
and u^^-^^^ ^^{B{y,r)) > 1 — e. Using small e and r, and continuity of f at y we obtain 

f{x) > f{y), hence / is constant on D. □ 

We will give examples of accessible and inaccessible boundary points. Let d > 2 and 
let / : (0, 1) — > (0, oo) be any bounded increasing function. We define a thorn -D/ by (cf. 
[19]): 

Df = {{xi,...,Xd) e R'^ : < xi < 1, \{x2,...,Xd)\ < f{xi)}. 

Proposition 2 The origin is inaccessible from Df if and only if t~'^~°' f (tY'^^^^dt < 
oo. 

Proof: We denote the above integral by If. We need to prove that Aq{s£,^) = oo if and 
only if // = oo. Let g(t) = \{f{t/2) A t). Note that // = oo if and only if = oo (see 
the proof of Theorem l.l(i) in [19]). For small x E Dg we have B{x, g{xi)) C Df, hence 

SDf{x) > SB(x,gixi)){x) = Cd,a(fi'(Xl))°. 
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Thus, if // = oo then [Ig = oo and) Ao{s£)f) = oo. We may now assume that // is finite 
and f{t) < \t\. Let Dj^r = Dff] B., for r > 0. Let r < 1/4. We have 

(x) = sz3^,4, {x) + / {ypDf 4, (dy) ■ 

JDf\Df^^r 

The latter term is a Poisson integral on Df^^- In view of Lemma 7 

Let M(r) = sup s^^. (a;)/(/(4r))". Inscribing Z^/^^ into a cylinder and observing that 

xi=r 

Goix.y) < Cd,a\x — we can show that sd^^^x) < C d,a{.f {j"))"^ ■ We thus obtain 



M(r) < ci + C2 / M{t){f{At)Y^''-H-'^-''dt 



d+a—l^—d—a^ 

2r 

where Ci and C2 are some constants depending on d and a. Let R> satisfy 

2C2 / {f{t)f+''~H~^~''dt < 1 , 
Jo 

so that 

M(r) < ci + (1/2) sup M + ca// sup M . 

{2r,R) (R,l) 

It follows that M is bounded by 2ci + 2c2// sup(^_i) M. By using the definition of M, we 
conclude that Ao(sDy ) is finite. □ 

We note that by Fatou's lemma, if y G dj^D then Pu{x,z) — > P£,{x,y) = oo as 
D 3 z ^ y. li y E dD\dMD and D 3 z ^ y non-tangentially (i.e. l-z — ?/| < cdist(2;, D) 
for some c > 0) then by dominated convergence we have Pd{x, z) — > PD{x,y) < oo. 

The next result is an extension of [10, Lemma 7]. 

Proposition 3 If y E OmD n {{DY)* then 

Pd{x,z) 



Md(x, y) = _lim 



D^Bz-^y Pd{X0, z) 

Proof: Suppose that y = is a limit point of D and of the interior of V^, and is 
accessible for D. Let x E D. Recall our notation Dj. = D n B^, D'^ = D \ Dj.. Let 
< 4r < |x| A |xo|, and let z E Bj. \ D. By Lemma 7 and Remark 2 



GD{x,v)u{v,z)dv > Cd,a SD2r{'")^{'"^y)dv I GD{x,v)u{v,y)dv . 

Dr J D-ir J D\D2r 

This also holds for x = xq. By Fatou's lemma we have lim-Q'^^^.^Q SD2r{v)i'{v, z)dv 
oo. Since /^^^ GD{x,v)h'{v, z)dv is bounded in z, (2) yields 

Pd{x,z) GD{x,v)u{v,z)dv 
lim = lim ■ 

D^Bz^o Pd{xo, z) d^bz-^q jj^^ Gd{xq, v)u{v, z)dv ' 
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provided that limits exist. If 5 > then for sufficiently small r by (8) we obtain 



fn Gn(x,v)L'(v, z)dv 
Md{x, 0)-6< i""^ ] ; y ; < M^{x, 0) + 5 , 

which proves (88). For general y G dD we use translation invariance. If y = oo then we 
use inversion. Namely, (2) and (80) and \Tx — Tz\ = \x — z\l{\x\\z\) lead to 

Pd{x,z) = \xr''\z\-''-''PTD{Tx,Tz) , 

see [17]. This, and (81) yield (88). □ 

li D = B{0, r), r > 0, and xq = 0, then we have 

Mc(x,y) = /-" ^'^ ~ , |x|<r, (89) 
\x — 

for every y G dB{0,r). (89) follows from Proposition 3 and (3) or (8) and (23). The 
formula was given before in [26], [10], [21]. We note that Br has all its boundary points 
y accessible because Gb^(x, f) ^ (r — |w|)"/^ as By. 3 v ^ y, see (23). More generally, a 
Lipschitz (or even K-fat) domain has all its boundary points accessible, as follows from 
[9] ([41]). For more information on the boundary potential theory in Lipschitz domains 
we refer to the papers [10], [4], [35], [41], which may suggest further applications. 

Remark 10 The statement of uniqueness in Theorem 3 may be strengthened. Namely, 
nonnegative measures /i on OmD and A on are uniquely determined by the values of 

/ Pd{x, y)\{dy) + / Md{x, y)Kdy) , for x G D , (90) 

provided they are finite for (some, hence for all) x E D. This follows from Theorem 4.2 
in [21], which states that a (genuine) function a-harmonic on open f/ 7^ is determined 
a.e. on R"' by its values on U. By a convolution with smooth compactly supported 
approximate identity (integrability follows from (60)), this yields uniqueness of A and /i 
on R"'. If cxD G OmD, and fi has an atom at 00 then the mass of the atom is determined 
by the values of M^^x, oo)/i({cxo}). 

Remark 11 Theorem 4 extends to general (nonnegative) harmonic functions such that 
measures A and fi in the representation (9) do not charge G fl D'^ in Theorem 4. To be 
specific. Theorem 4 applies to Pd[^] + ^d[/^] in (9)- Indeed, by (77), for finite y G 5m -D 
we can consider MD{-,y) a Poisson integral on a wide class of subdomains U G D such 
that dist(y, U) > 0, see (22) in this connection. A similar property holds for Md{-, 00) on 
on a wide class of bounded domains, if 00 G OmD. This follows from the transformation 
rules for the harmonic measure under the inversion of the domain, see [17]. 

In domain with regular geometry, e.g. Lipschitz, the condition (A + fi){G Ci D'^) = 
is equivalent to the traditional assumption of continuity and vanishing of a harmonic 
function on this set, see [9], [10] and the references there. Continuous decay of harmonic 
functions cannot, however, be required at irregular points of a domain. 



28 



We finally wish to provide probabilistic interpretations of our results. For a general 
perspective on probabilistic potential theory and for probabilistic notions mentioned below 
we refer the reader to, e.g., [23], [7], [14] and [13]. Here we will only indicate a few specific 
interpretations as they may suggest further extensions. 

The second term on the right hand side of (9) is coined singular a-harmonic in [10], 
[21] and [36] (when set to zero on V^). As explained in [21], in the case of Lipschitz D 
the function is harmonic for the isotropic a-stable Levy process killed on leaving D (see 
also [36]). For a general domain D it is more appropriate to relate such functions to the 
continuous exit of the trajectory of the process from D. The observation is implicit in [36]. 
For example, if D = B \ F, where F is a non-polar set of Lebesgue measure 0, then the 
trajectory of the process is almost surely continuous when entering F. Correspondingly, 
the harmonic measure of F with respect to D, x ^ ujf){F), is represented with A = in 
(9). 

The first term in (9) is related to the effect of leaving the domain hy a jump. The 
observation is implicit in [36, formula (5)]. This explains the role of (27) in our develop- 
ment: the second term on the right hand side of (27) is the integral against this part of 
the harmonic measure, say which results from the jumps of the trajectory from D 

to D'^, and the Poisson kernel is the density function of the measure. The latter claim 
may be verified by using quasi- left continuity of the process ([9]). The reader may want to 
consider domains D with dD of positive Lebesgue measure, to apprehend the complexity 
of the relation between ujn and ujd-- The relation is addressed in Proposition 1 above. In 
this connection we also refer the reader to [42] for a discussion of the important problem 
of characterization of domains D for which ujj:, = uj£,-- 

The above complex behavior (jumps and continuous exit) is manifested only for jump 
processes, which are exemplified here by the isotropic a-stable Levy process on R*^. In 
the presence of jumps the distribution of the position of the process stopped when leaving 
the domain, i.e. the harmonic measure, is supported on Z)"^, but usually not on dD, and 
so it is different from the distribution of the position of the process immediately before 
leaving the domain. The formula of Ikeda and Watanabe in its full form (for which see, 
e.g., [28, 13, 14]) gives the joint distribution of these two random variables in terms of 
the Green function and the Levy measure. Thanks to the simplicity of the Levy measure 
v{x,y) in (21), the estimates for nonnegative a-harmonic functions can be effectively 
reduced to the estimates of the Green function. We conjecture that (9) generalizes to a 
wide class of Markov processes of jump type. 

For a Riesz type representation of superharmonic functions of the fractional Laplacian 
on Lipschitz domains we also refer the reader to [21]. 

We finally wish to provide the following probabilistic connection. The (accessibility) 
condition A^^sd) = oo has appeared implicitly in [19] and explicitly in [43]. Authors of 
these papers consider the following property of our symmetric a-stable Levy process {Xt} 
m R*^ and a given domain D: There exists a random time interval (tq, Tq + 1) such that 
X(t) — X{to) G D for all t G (tq, tq + 1). If -D is a thorn then the property holds if and 
only if Ao(sz)) = oo ([19]). In [43] all open sets D are considered and the existence of such 
interval is established if Aq{sd) is infinite. We conjecture that the accessibility of from 
D is actually a characterization of this property related to the continuous convergence to 
of the trajectories of the corresponding conditional process at its lifetime, see [13]. 
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